Let stand for a nite abelian spin structure group of four-dimensional superstring theory in free fermionic formulation whose elements are 64-dimensional vectors (spin structure vectors) with rational entries belonging to ] 1; 1] and the group operation is the mod 2 e n try by e n try summation of these vectors. Let B = fb i ; i = 1 ; ; k + 1 g be a set of spin structure vectors such that b i have only entries 0 and 1 for any i = 1 ; ; k , while b k+1 is allowed to have a n y rational entries belonging to ] 1; 1] with even N k+1 , where N k+1 stands for the least positive i n teger such that N k+1 b k+1 = 0 mod 2. Let B be a basis of , i.e., let B generate , and let m;n stand for the transformation of B which replaces b n by b m b n for any m 6 = k + 1 , n 6 = 1 , m 6 = n . W e prove that if B satises the axioms for a basis of spin structure group , then B 0 = m;n B also satises the axioms. Since the transformations m;n for dierent m and n generate all nondegenerate transformations of the basis B that preserve the vector b 1 and a single vector b k+1 with general rational entries, we conclude that the axioms are conditions for the whole group and not just conditions for a particular choice of its basis. Hence, these transformations generate the discrete symmetry group of four-dimensional superstring models in free fermionic formulation. This is the physical meaning of the obtained result. The practical impact is that in searching for a realistic model in four-dimensional superstring theory in free fermionic formulation it is enough to search only through dierent groups , which n umber dramatically less than the number of their dierent bases.
Introduction
In searching for a realistic model in four-dimensional superstring theory in free fermionic formulation [1 and 2], one faces the following problem: despite the fact that the GSO projection does not depend on a particular choice of a basis for a nite abelian spin structure group , the conditions for the group itself heavily depend on this choice. These conditions are formulated in terms of six axioms for the basis which w e will present later for the convenience of reference. Thus it might seem that the whole physical theory depends not only on the group but also on a particular choice of its basis. This situation is very unsatisfactory from both pure theoretical perspective and from practical stand point of searching for a realistic four-dimensional superstring model in free fermionic formulation where one has to search not only through dierent groups but also through their dierent bases which n umber is nearly \countless".
In the present paper we show that this is not the case: the conditions for the basis of the group are invariant with respect to some natural transformations of the basis and hence are, in fact, conditions for the whole group . In order to formulate our main result let us, following references [1 -4] , recall necessary facts and terminology from four-dimensional superstring theory in free fermionic formulation.
The elements of the nite abelian spin structure group = Z N1 Z N2 Z N k are referred to as spin structure vectors and are represented as 64-dimensional vectors with rational entries belonging to ] 1; 1]. The group operation is the mod 2 e n try by e n try summation of these vectors which we hereafter denote as . The group is generated by a basis, i.e. a set of spin structure vectors B = fb i ; i = 1 ; ; k gin such a w a y that N i is the least positive i n teger such that N i b i = 0 mod 2 and any spin structure vector b 2 can be represented as: b = a 1 b 1 a 2 b 2 a k b k ; where a i = 0 ; ; N i 1, and hereafter, if it is not ambiguous, a multiplication by a n i n teger is understood in mod 2 sense.
The l-th entry b l of any spin structure vector b 2 corresponds to the so-called boundary condition of the l-th fermion. Integer entries of a spin structure vector, i.e., entries equal to 0 and 1 correspond respectively to the so-called antiperiodic and periodic fermions.
Remark: The above terminology comes from the following physical picture [1, 2] : in fourdimensional string theory in free fermionic formulation there are considered 64 fermions. They reside on a so-called world sheet which, in the g-th term in perturbation expansion, is a genus g Rieman surface with 2g noncontractable loops. The parallel transport of the l-th fermion around such loops change it by a phase factor e ib l . T h us a spin structure vector b with entries b l ; l = 1 ; ; 64 serves to specify boundary conditions for the set of 64 fermions with respect to such parallel transports.
Any spin structure vector as a 64-dimensional vector has the following structure: the rst twenty entries correspond to the so-called left moving fermions and the remaining 44 entries correspond to the so-called right m o ving fermions. Among the left moving fermions two rst entries correspond to the so-called space-time fermions and they can be either both equal to 0 or to 1. In the rst case, a spin structure vector is said to belong to the Neveu-Schwarz sector while in the second case to the Ramond sector. The remaining 18 entries that correspond to the left moving sector are formed by 6 triplets ( i ; y i ; ! i ) ; i = 1 ; ; 6 in the following way: b i = i , b There are two t ypes of fermions: real and complex ones. For any spin structure vector b each real fermion is described by one entry b l which can be either 0 or 1, and each complex fermion is described by a pair of entries b l 0 = b l 00 , l 0 6 = l 00 , which can be any rational number from ] 1; 1]. Let us comment that for dierent spin structure vectors entries corresponding to the same real or complex fermion, i.e., entries corresponding to the same indices l or l 0 ; l 00 might be dierent.
In the present paper according to the most successful four-dimensional superstring models in free fermionic formulation (see for example references [3] , [5] and [6]), we assume the left moving fermions to be real, i.e., the rst 20 entries of any spin structure vector to be either 0 or 1, while we assume all the entries that correspond to complex fermions to be among the right m o ving fermions, i.e. to be among the last 44 entries.
Remark: Since complex fermions are allowed to have pairs of entries both equal to 0 or 1, in some string models authors complexify pairs of real left-moving fermions or even one left-moving fermion with one right-moving fermion to form the so-called Ising model [7] . However, what is important for us is that any e n try dierent from 0 and 1 can be found only among the last 44 entries.
We denote two special spin structure vectors with all entries equal to 0 and 1 by 0 and 1 respectively.
There is an inner product dened on the spin structure group :
) l l ; 8 ; 2 :
(1)
To make notation short we will write the above denition as:
Now w e are ready to present the set of axioms for a basis B:
Axioms:
A 1 : The basis B = fb i ; i = 1 ; ; k ghas to be such that: A 5 : The number of real fermions that are simultaneously periodic, i.e, the number of entries that are simultaneously equal to 1 in any three basis spin structure vectors b i ; b j and b f is even;
A 6 : Any given triplet ( i ; y i ; ! i ) ; i = 1 ; ; 6 i n a n y basis spin structure vector contains an odd number of periodic fermions, i.e., an odd numb e r o f e n tries 1 if this vector belongs to the Ramond sector and an even number of periodic fermions, i.e., an even number of entries 1 if this vector belongs to the Neveu-Schwarz sector.
Further after we will assume, as it is usually done in physical literature (see for example reference Denition 2: A spin structure vector is called an integer one if it only has entries equal to 0 or 1. A spin structure vector that has at least one entry not equal to 0 or 1 is called a non-integer one.
Now w e are ready to state the main result of this paper:
Theorem: Let B = fb i ; i = 1 ; ; k+ 1 g be a proper basis of a nite abelian spin structure group such that b i are integer spin structure vectors for any i = 1 ; ; kwith b 1 = 1 and b k+1 is a non-integer vector. Let N k+1 be even. Then B 0 = m;n B is also a proper basis of for any m; n = 1 ; ; k + 1 such that m 6 = k + 1 ; n 6 = 1 and m 6 = n. Let us make a few comments on the Theorem. First we w ould like t o p o i n t out that the most successful four-dimensional superstring models in free fermionic formulation (see for example references [3] , [5] and [6] ) are built with bases B which h a v e only one non-integer vector. That is why the most physically interesting transformations m;n are those that leave the number of non-integer basic spin structure vectors equal to one, i.e, m 6 = k +1. The condition n 6 = 1 means that according to the axiom A 2 , w e are not allowed to change vector b 1 = 1. Under this restriction and taking into account the above Remark, the Theorem states that the axioms A 1 A 6 are conditions for the whole group and not the conditions for a particular choice of its basis.
Proof of the Theorem
In order to prove the Theorem we need some preparations:
Lemma: Let B I = fb i ; i = 1 ; ; k gbe a proper basis of a nite abelian spin structure group I such that b i are integer spin structure vectors for any i = 1 ; ; k . Then B 0 I = m;n B is also a proper basis of I for any m; n = 1 ; ; ksuch that n 6 = 1 and m 6 = n.
Remark: It is obvious, that the Lemma is a direct consequence of the Theorem. However, in addition to the fact that we need the result of the Lemma in order to prove the Theorem, the case considered in the Lemma is important in four-dimensional superstring model building in free fermionic formulation by itself [8] . That is also why w e present the Lemma as a separate result.
Proof of the Lemma: Let us notice rst that the set of spin structure vectors B 0 I = m;n B for any m; n = 1 ; ; ksuch that n 6 = 1 and m 6 = n is a basis, i.e., generates the group I . where a i = 0 ; 1 for any i = 1 ; ; k . It is clear that if all a i = 0 then the above \linear"combination is also equal to 0. Let us prove the converse statement. In order to do it, we rewrite the above\linear" combination as follows: a 1 b 1 a n b n ( a m a n ) b m a k b k :
Since by the assumption the basis B I satises axiom A 1 then from the equality of the above \linear" combination to zero it follows that a i = a m a n = 0 for any i = 1 ; ; ksuch that i 6 = m. T h us, only a m is left to be proved to be equal to zero. But, it directly follows from the equalities a n a m = 0 and a n =0. Axiom A 2 : Axiom A 2 obviously holds since the transformations m;n do not change the spin structure vector b 1 due to the condition n 6 = 1 . Axiom A 3 : Let us notice rst that the least common multiple of all N i and N 0 n is equal to 2.
That is why what we h a v e to prove is that: 
Indeed, due to the linearity of the inner product dened in (1) with respect to the regular summation, we rewrite the right-hand side of the above equality as follows: In order to nish the proof, it is enough to notice that the right-hand side of the above relation diers from the right-hand side of equality (2) 
Indeed, due to the linearity of the inner product dened in (1) with respect to the regular summation we rewrite the right-hand side of the above equality as follows: In order to nish the proof, it is enough to notice that the right-hand side of the above relation diers from the right-hand side of equality (3) and using the elementary properties of the operations [, \ and we obtain the following chain of equalities:
Since by assumption, the spin structure vectors in the big parenthesis in the last line of the above expression have a n e v en number of entries 1, the spin structure vector which is their mod 2 sum also has an even numb e r o f e n tries 1. Proof of the Theorem: Let us notice rst that the set of spin structure vectors B 0 = m;n B for any m; n = 1 ; ; k + 1 such that m 6 = k + 1 , n 6 = 1 and n 6 = m is a basis, i.e., generates the group 
Indeed, due to the linearity of the inner product dened in (1) with respect to the regular summation, we rewrite the right-hand sides of equalities (6) and (7) In order to nish the proof, it is enough to notice that the right-hand side of the above relation diers from the right-hand side of equality (7) which is equal to 0 mod 4 for any m; n = 1 ; ; k . In order to show this, we consider the two summands in the right-hand side of the above expression separately. The rst summand is equal to 0 mod 4 for any m; n = 1 ; ; kas a product of an even N k+1 and the indicated sum. This sum is also even since each summand is equal to 1 and the number of terms in the sum is even because it is equal to the number of common entries 1 in the vectors b m ; b n and b k+1 , which i s e v en for any m; n = 1 ; ; kdue to axiom A 5 . The second summand is equal to 0 mod 4 for any m; n = 1 ; ; k , since the condition b l k+1 6 = 0 and b l k+1 6 = 1 means that we sum over the l corresponding to complex fermions, which e n tries come in pairs, and hence this summand can be rewritten as: 
We consider two following cases:
1. N k+1 6 = 0 mod 4: We are going to show that in this case equality (8) 
Indeed, due to the linearity of the inner product dened in (1) with respect to the regular summation, we rewrite the right-hand side of the above equality as follows: Let us prove equality (9). In order to do it, we split the sum in the inner product as follows: In the presented paper we consider a basis B = fb i ; i = 1 ; ; k + 1 g generating a nite abelian spin structure group in four-dimensional superstring theory in free fermionic formulation. According to the most successful realistic models, the basis spin structure vectors b i ; i = 1 ; ; kare assumed to have only entries 0 or 1, while b k+1 is allowed to have a n y rational entries belonging to ] 1; 1]. We prove that axioms A 1 A 6 for the basis B are invariant with respect to the transformation m;n that replaces a basis spin structure vector b n by a v ector which i s a mod 2 sum of vectors b m and b n for any m 6 = k + 1 , n 6 = 1 and m 6 = n, and leaves the rest of the basis spin structure vectors unchanged. Since the transformations m;n for dierent m; n generate all non degenerate transformations of the basis B that preserve the spin structure vector b 1 and a single spin structure vector b k+1 with general rational entries, we conclude that these axioms are conditions for the whole group and not just conditions for a particular choice of its basis. Hence, these transformations generate the discrete symmetry group of four-dimensional superstring models in free fermionic formulation. This is the physical meaning of the obtained result. The practical impact is that in searching for a realistic model in four-dimensional superstring theory it is enough to search only through dierent groups which n umber dramatically less than the number of their dierent bases.
In addition we w ould like also to point out that axiom A 1 is the only axiom that is not satised in the generalization of the Theorem for the case of a basis B with arbitrary number of non-integer spin structure vectors.
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